
Linear Transformation
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Example

Let  𝐴 =
1 −3 
3

−1
5
7

, u =  
2

−1
, b = 

3
2

−5
, c =  

3
2 
5

, and define a transformation 𝑇 ∶  ℝ2  

→ ℝ3 by 𝑇 𝐱 = 𝐴𝐱, so that

    𝑇 𝐱 = 𝐴𝐱 =
1 −3 
3

−1
5
7

𝑥1

𝑥2
 =  

𝑥1  −  3𝑥2

3𝑥1 + 5𝑥2

−𝑥1 + 7𝑥2

a.  Find 𝑇 𝐮 , the image of 𝐮 under the transformation 𝑇.

b.  Find an 𝐱 in ℝ2 whose image under 𝑇 is 𝐛.

c.  Is there more than one 𝐱 whose image under 𝑇 is 𝐛?

d. Determine if 𝐜 is in the range of the transformation 𝑇.





Linear mapping
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Theorem

Let 𝑣1, . . . , 𝑣𝑛  be a ordered basis of finite-dimensional vector space 𝑉 

over the field 𝔽 and 𝑤1, . . . , 𝑤𝑛  an arbitrary list of any vectors in W. 

Then there exists a unique linear map 

     𝑇 ∶ 𝑉 → 𝑊     such that 𝑇 𝑣𝑖 = 𝑤𝑖 .

Proof



Linear mapping
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Example

Which are linear mapping?

❑ zero map  0 ∶ 𝑉 → 𝑊

❑ identity map 𝐼 ∶ 𝑉 → 𝑉

❑ Let 𝑇 ∶ 𝒫 𝔽 → 𝒫(𝔽) be the differentiation map defined as 𝑇𝒫(𝑧) = ሖ𝒫(𝑧)

❑ Let 𝑇 ∶ ℝ2 → ℝ2 be the map given by 𝑇 𝑥, 𝑦 = 𝑥 − 2𝑦, 3𝑥 + 𝑦

❑ 𝑇 𝑥 = 𝑒𝑥

❑ 𝑇 ∶ 𝔽 → 𝔽 given by 𝑇 𝑥 = 𝑥 − 1

𝑻 𝒙𝟏, … , 𝒙𝒏 = (𝒂𝟏𝟏𝒙𝟏 + ⋯ + 𝒂𝟏𝒏𝒙𝒏, … , 𝒂𝒎𝟏𝒙𝟏 + ⋯ + 𝒂𝒎𝒏𝒙𝒏)



Algebraic Operations on L(V,W)
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Definition

Let 𝑆 and 𝑇 ∈ 𝐿(𝑉, 𝑊) and 𝜆 ∈ 𝔽. The sum 𝑆 + 𝑇 and the product 𝜆𝑇 are the 
linear maps from 𝑉 to 𝑊 defined by:

𝑆 + 𝑇 𝑣 = 𝑆𝑣 + 𝑇𝑣 and 𝜆𝑇 𝑣 = 𝜆 𝑇𝑣
For all 𝑣 ∈ 𝑉.

Theorem

With the addition and scalar multiplication as defined above, 𝐿(𝑉, 𝑊) is a vector 
space.

Proof



Null Space
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Definition
Let 𝑇: 𝑉 → 𝑊 be a linear map. Then the null space or kernel of 𝑻 is the 
set of all vectors in 𝑉 that map to zero:

   𝑁 𝑇 = 𝑁𝑢𝑙𝑙 𝑇 = 𝑣 ∈ 𝑉 𝑇𝑣 = 0}

❑𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) ∶=  𝐷𝑖𝑚(𝑁𝑢𝑙𝑙(𝑇))



Null Space
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Theorem

Suppose 𝑇 ∈ 𝐿 𝑉, 𝑊 . Then null 𝑇 is a subspace of 𝑉.

Proof

Theorem

Suppose 𝑇 ∈ 𝐿 𝑉, 𝑊 . Then null 𝑇 is vector space.



Null Space
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Example

Find Null Space T?

❑ zero map  0 ∶ 𝑉 → 𝑊

❑ Let 𝑇 ∶ 𝒫 𝔽 → 𝒫(𝔽) be the differentiation map defined as 𝑇𝒫(𝑧) = ሖ𝒫(𝑧)

❑ Let 𝑇 ∶ 𝐶3 → 𝐶 be the map given by 𝑇 𝑥, 𝑦, 𝑧 = 𝑥 + 2𝑦 + 3𝑧

❑ 𝑇 𝑃(𝑥) = 𝑥2𝑃(𝑥)

❑ 𝑇 ∈ 𝐿 𝔽∞  given by 𝑇 𝑥1, 𝑥2, … → 𝑥2, 𝑥3, …

❑ When is Nullity(T) = 0 ?



Range
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Theorem

Suppose 𝑇 ∈ 𝐿 𝑉, 𝑊 . Then range 𝑇 is a subspace of 𝑉.

Proof

Theorem

Suppose 𝑇 ∈ 𝐿 𝑉, 𝑊 . Then range 𝑇 is vector space.



Range
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Example

Find Range T?

❑ zero map  0 ∶ 𝑉 → 𝑊

❑ Let 𝑇 ∶ 𝒫 𝔽 → 𝒫(𝔽) be the differentiation map defined as 𝑇𝒫(𝑧) = ሖ𝒫(𝑧)



Injective and homogeneous linear equation
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Theorem

Let 𝑇: ℝ𝑛 → ℝ𝑚 be a linear transformation. Then T is one-to-one if and only if 
the equation T(x) = 0 has only the trivial solution.  

Proof



One-to-One and Null Space
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Theorem

Let 𝑇: 𝑉 → 𝑊 be a linear transformation. Then T is one-to-one if and only if 
the equation Null(T)={0} (Nullity(T)=0!).

Proof



Example
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Example

Let T be the linear transformation whose standard matrix is 

  A = 
1 −4 8 1
0 2 −1 3
0 0 0 5

Does T map ℝ4 onto ℝ3 ? Is T a one-to-one mapping?



One-to-One Linear Transformation
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Important

Let ℝ𝑛 → ℝ𝑚 be a linear transformation, and let A be the standard matrix for T. Then:

a. T maps ℝ𝑛 onto ℝ𝑚 if and only if the columns of A span ℝ𝑚.
b. T is one-to-one if and only if the columns of A are linearly independence.

Example

Let  T(𝑥1, 𝑥2) = (3𝑥1 + 𝑥2, 5𝑥1 + 7𝑥2, 𝑥1 + 3𝑥2). Show that T is a one-to-one linear transformation. 
Does T map ℝ2 onto ℝ3 ?  



Onto Transformations
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Example

Which one is surjective?

❑ 𝐷 ∈ 𝐿 𝑃5 𝑅  defined by 𝐷𝑃 = 𝑃′ 

❑ 𝑆 ∈ 𝐿 𝑃5 𝑅 , 𝑃4(𝑅)  defined by S𝑃 = 𝑃′ 



dim 𝑉 = dim null 𝑇 + dim range
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Theorem

Let 𝑉 be a finite-dimensional vector space and 𝑇 ∈ 𝐿 𝑉, 𝑊 . Then rang 𝑇 is 
finite-dimensional and 

Dim(𝑉) = 𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) + 𝐷𝑖𝑚(𝑟𝑎𝑛𝑔𝑒 𝑇 )

Proof





dim 𝑉 = dim null 𝑇 + dim range
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Corollary

Linear map to a lower-dimensional space is not injective.

Proof

Corollary

Linear map to a higher-dimensional space is not surjective

Proof



dim 𝑉 = dim null 𝑇 + dim range
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Example

Is T injective or not?

𝑇: 𝔽4 → 𝔽3

𝑇 𝑥1, 𝑥2, 𝑥3, 𝑥4 = ( 7𝑥1 + 𝜋𝑥2 + 𝑥4, 97𝑥1 + 3𝑥2 + 2𝑥3, 𝑥2 + 6𝑥3 + 7𝑥4)


	Slide 6: Linear Transformation
	Slide 10: Linear mapping
	Slide 11: Linear mapping
	Slide 12: Algebraic Operations on L(V,W)
	Slide 42: Null Space
	Slide 43: Null Space
	Slide 45: Null Space
	Slide 47: Range
	Slide 49: Range
	Slide 52: Injective and homogeneous linear equation
	Slide 53: One-to-One and Null Space
	Slide 55: Example
	Slide 56: One-to-One Linear Transformation
	Slide 64: Onto Transformations
	Slide 75: dim 𝑉 = dim null 𝑇 + dim range
	Slide 76: dim 𝑉 = dim null 𝑇 + dim range
	Slide 77: dim 𝑉 = dim null 𝑇 + dim range

